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Free Edge effect

Classical Laminated Plate Theory:

 Assume homogeneous layer 
properties and plane stress 
state.

 Material properties will 
drastically change at the 
layer interfaces.

 Due to Poisson‘s ratio of 
different layers, localized 
stress singularity at the free 
edges.

𝜎𝜎𝑥𝑥𝑥𝑥 in an angle-ply laminate (±45°)s under 
uniaxial extension [1]



Review 

 Quasi-3D models
• Zero gradient along the 𝑥𝑥 direction
• Equivalent Single Layer(ESL), Layer-Wise(LW), displacement-based, 

stress-based

 2D plate models
• ESL, LW, displacement-based, stress-based
• In Carrera’s Unified formulation, 4th-order LW models should be used

 3D numerical methods
• Generation of new and efficient meshing approaches 
• Developing special purpose element for dealing with the singular stress 

field



Generalized Free Edge Problem
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MSG-Based 
Free-Edge Stress Analysis

 3D displacements:

 3D strains:



 Variational statement:

 Warping functions are governed by 
Variational statement of the cross-sectional analysis:

MSG-Based 
Free-Edge Stress Analysis



Extension of [45/-45]s Laminates

 Cross Section

 Apply macro extension strain (0.01)

Width=8 h0; 
h0=0.5 mm

𝑧𝑧

𝐸𝐸1(MPa) 𝐸𝐸2(MPa) 𝐸𝐸3(MPa) 𝐺𝐺12(MPa) 𝐺𝐺13(MPa) 𝐺𝐺23(MPa) 𝑣𝑣12 𝑣𝑣13 𝑣𝑣23

137895.1 14478.99 14478.99 5860.544 5860.544 5860.544 0.21 0.21 0.21

𝑦𝑦
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Extension of [45/-45]s Laminates



 Convergence

Extension of [45/-45]s Laminates

𝑧𝑧

𝑦𝑦



Anticlastic Bending of [45/-45]s
Laminates

𝐸𝐸1(MPa) 𝐸𝐸2(MPa) 𝐸𝐸3(MPa) 𝐺𝐺12(MPa) 𝐺𝐺13(MPa) 𝐺𝐺23(MPa) 𝑣𝑣12 𝑣𝑣13 𝑣𝑣23

174600 7927 7927 4482 4482 2758 0.34 0.34 0.45

Width=100 h0; 
h0=0.127 mm

 Apply unit macro beam curvature 𝑘𝑘2



Anticlastic Bending of [45/-45]s
Laminates
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Combined Load on [60/30/-45/45] 

 Materials

 Boundary Conditions

𝐸𝐸1(MPa) 𝐸𝐸2(MPa) 𝐸𝐸3(MPa) 𝐺𝐺12(MPa) 𝐺𝐺13(MPa) 𝐺𝐺23(MPa) 𝑣𝑣12 𝑣𝑣13 𝑣𝑣23

137895.1 14478.99 14478.99 5860.544 5860.544 5860.544 0.21 0.21 0.21



Combined Load on [60/30/-45/45] 



 Element: 4 nodes quadrilateral element

Combined Load on [60/30/-45/45] 
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Various Loads on [0/90/45/-45] 
I-beam Laminate

 Materials
𝐸𝐸1(MPa) 𝐸𝐸2(MPa) 𝐸𝐸3(MPa) 𝐺𝐺12(MPa) 𝐺𝐺13(MPa) 𝐺𝐺23(MPa) 𝑣𝑣12 𝑣𝑣13 𝑣𝑣23

132000 10800 10800 5650 5650 3380 0.24 0.24 0.59

1

 Boundary Conditions
 Extension force F1 = 100N
 Bending moment M13 = 0.1N·m
 Twisting moment M1 = 0.1N·m



I-beam Laminate under Extension
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I-beam Laminate under Bending
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I-beam Laminate under Twisting
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[0/90/45/-45] Laminate with Curved 
Cross Section

 Materials

 Boundary Conditions
 Extension force F1 = 100N
 Bending moment M13 = 0.1N·m
 Twisting moment M1 = 0.1N·m

𝐸𝐸1(MPa) 𝐸𝐸2(MPa) 𝐸𝐸3(MPa) 𝐺𝐺12(MPa) 𝐺𝐺13(MPa) 𝐺𝐺23(MPa) 𝑣𝑣12 𝑣𝑣13 𝑣𝑣23

132000 10800 10800 5650 5650 3380 0.24 0.24 0.59

2

x3

x2



Laminate with Curved Cross 
Section under Extension
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Laminate with Curved Cross 
Section under Bending

2



Laminate with Curved Cross 
Section under Twisting
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 MSG cross-sectional analysis can be used to solve general 
free-edge stress problems of composite laminates.

 It does not require the laminate subjected to constant loads 
along the 𝑥𝑥 direction. 

 No ad hoc assumptions on displacement or stress.
 No restriction on the geometry of the cross section.
 Efficient but accurate compared with 3D FEA.
 Converge faster than 3D FEA due to it’s semi-analytical 

nature. 
 MSG is implemented in SwiftComp, which can be used as a 

general-purpose tool for free edge analysis. 

Conclusions



Principle of Minimum Information Loss

• Virtual testing of materials
o Mechanical properties
o Multifunctional properties 

• Multiscale modeling of 
structures
o Composite laminates
o Build-up structures: 

stiffened, sandwiched, 
corrugated

Right Results
Right Away

A Purdue Technology
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